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m 1.1. Problem

Which pressures foundinsidea star?

m 1.2. Preparation
The original Mathematica commandsreused.

Thesecommandsllow to generate unit checkof theresults:

"N" "m" "N"
UnitCheck = {Rule » Equal, p’[_] » ol 1~ ,plL1- ,
n n 3 n I2 n "n 2
m s m
"kg" "m" "m3 "kg"
1> ——., 0= Yy —— p> —— h->"m",H->"m",
n mll 3 n gl 2 n kgll n Sll 2 n mll 3
"Jr "kg" "N" "N "m"®
R —— T-5"K"' M- , p- ,a- ,b->"
"K" "mol" "mol" "m"? "m"2
3 "kg" "m" .
V-o"m""7"N" > — "J" > "N""m", _?NumericQterm_ :» term}
{Rule— Equal p'[_] N [_] m (] N [l k9 i
- - — - — - — - — - —
qual p m3,9 SZ,D 2 P m3’g 2’
m kg h->mH-mR J T->K,M kg N
- — - —,N- - - — - - — - —
7 kgsz'p m3’ ' ' K mol’ ’ mol’ P72’
4 3 3 kgm ;
a-mN,b-m,V-m’N- 2 ,J-> mN, term__ ?NumericQ= term}

The changeof the defaultscripturefont for plotsof anykind is donethefollowing:

$DefaultFont= {" Times', 12}

{Times 12}
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m 1.3. Solution

m 1.3.1. Hydrostatic Pressure

m 1.3.1.1. Textbook Formula

Dueto the dtv lexicon of physics([dtv1969], volume4, keywordHydrostatik[hydrostatics] pagel60-162)for nottoo
big differencesof heighth andconstanfall acceleratiory is valid:

p2—pL=pgh (1.

m 1.3.1.2. PressureGradient

For p - p[h] andg — g[h] first resultsthe necessityto determinea pressuregradient:

Vp— m PIN+aNI- pin

Jim Ah == dp plh] = p[h] g[h] (1.2

m 1.3.1.3. General Hydrostatic Pressure

The generahydrostatigpressureow resultsasanintegralof this pressureyradient:

pih] == f anplhldh= [ plhlglhldh 13)

m 1.3.2. IncompressibleLiquid

= 1.3.2.1. Constant Density

Foranincompressibldiquid p[h] - p is aconstantge.g.for anearththatwould consistof wateronly.

m 1.3.2.2. Fall Accelerationunder Water

Then the fall acceleratiorunderwaterin eachcaseis the fall acceleratiorthat would be generatedy the remaining
inner spheredueto Newtons'ggravity law (see[BeS1945], § 31, pagel11-112:Therethe derivationis not completely
valid; seealso[Krau2007], figure 9, page27 andchapter, page32-50),i.e.:
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van h
{olh] » - — f h® pdh}
h 0

% //. UnitCheck

4
{gih] - -3 hry p}
{True

Thusthefall acceleratiordecreasesontinuouslyin thedirectionto the middle of theliquid star.

m 1.3.2.3. Hydrostatic Pressure

Now by this the hydrostaticpressureesultsasanintegralof p g[h]:

h 4
{pin1 > [ pathan /. {ginl » - = hy p})
% //. UnitCheck
2 2
{plh] —>p(—§ Wryp+ 3 H27T7P)}

{Truel

m 1.3.2.4. Figure p[h] overh

This yieldsthefollowing figure:
2 2 2 2
Plot@@{Evaluate[,o(—g h2xyp+ 3 aH 'yp] [{y=>1p->1H->1],

h 2
{h, -1, 1}, AxesLabel- {" o eI }, PlotStyle - Hue[g]};

p(h]

Ilj

-1 -0.5

m 1.3.2.5. PeakPressurein the Center

The peakpressurén thecenteris:



4 © Norbert Sidland Hydrostatics.nb

2 2
p(—— h2zyp+ —tzyp)/. {h> 0}
3 3
2
3 Himy e’
Thusthe peakpressurén thecentercanbedetermined.

m 1.3.2.6. Figure h over p[h]

Therepresentationf theinversefunctionalsois sensible:
2, 2 o
h/. SO|qu==p(—§ h“zyp+ 3 aH yp], h] // Simplify
2
Plot@e {Evaluate{% /. {H » 1,y » 1, p > 1}, {p, 0, 3 aH?yp? [ {H->1y->1p-1}},

h 2
AxesLabel- {"p[h]", " W }, PlotStyle » Hue[E]};
3p 3p
— 2 _ 2 _
{ \/H 2y p? ’\/H 271y p? }

h
H
1

m 1.3.2.7. Approximation for Low Depth

For nottoo largedepthAh yieldsthefollowing approximation:
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2 2
p(—§h2ﬂ7p+§7rH2)/p)/. {h - H — Ah} // Expand

Serie§%, {Ah, 0, 1}1 // Normal
% g

4
sH=7yp

4 2
3 HryAhp? - 3 ny AR p?

4 2
3 HayAhp

gAhp

This is the textbookformulaof the hydrostaticpressuren anincompressibldiquid. Here,the signof g waschooserto
be positive,because¢he pressuréncreasedy thedepthAh.

m 1.3.3. CompressibleGas

m 1.3.3.1. Ideal GasLaw

Now the densityis not constantputitself afunction of the pressurein theeasiestasedueto theidealgaslaw:

m
pV==nRT/ {n> V}/.{m->,oV}
Solvd%, p] // Flatten

% //. UnitCheck

_RTVp
Y

M p
- =71

{Truel
m 1.3.3.2. Fall Accelerationin a Gas

The fall accelerationn a gasresultsagainin eachcaseasthe fall accelerationg[h] that would be generateddy the
remaininginnerspheredueto Newton'sgravity law at positionh, i.e.:

van h
{olh] » - — f pIh1h? dh)
h 0

47r7f0hh2 plhldh

{g[h] - h2 }

Thusthefall acceleratiordecreasesontinuouslyandnon-linarlywith thedirectionto the centerof thegasicstar.
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= 1.3.3.3. Non-linear Differential Equation

Now by thisthefollowing connectiorresults:

M plh]
RT

4 h
PressureEquatiorf p] = dy p[h] == p[h] g[h] /. {g[h] - —% fo plh1h?dh} /. {p[h] »

)

4M2y (f'h? pihl dh) pih]
h2 R2 T2

This is a non-linearintegrodifferentialequationthat canbe changedo a pure differential equationafter separatiorof
theintegralanapplyingthederivative:

h2
& /@ PressureEquation p]
pLh]
MHt& @ %
: # plhl
PressureEquatiofp, 1] = T & /@ % [/ ExpandAll
Wpih  4M2ry [R pihldh
plhl RET?
2hpthl _ R pIhi® R p'thl __ 4K M2xy plhl
ph] plh]? pthl R2T2
o DRI 4hMZxy plhl?
2p[h]— p[h] +hp[h]——_T

This is anon-lineardifferentialequationof 2nd orderin p[h] thatcannotbe solvedeasilyin ananalyticway.

m 1.3.3.4. Trivial Solution
The solution p[h] = 0 fulfills theequation:

plh] # & /@ PressureEquatiofp, 1] // ExpandAll
% /. {p = Function[{h}, 0]}

_ 4hM? 7y p[h]3

2 p[h] p'th] - h p'[h]? + h plh] p’[h] == T2

True

Thus the vacuumowns the hydrostaticstablesolution p[h] == 0 for any h. Of course,this is valid only for the areas
whereno starcanbefound.

= 1.3.3.5. EssentialProperty

The derivatedequationyieldswith h - 0:
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PressureEquationp, 1]

% /. {h = 0}
o P 4hMZry plhl?
2p'[h] - o] +hp[h]———T
2p[0]==0

Thusresultsp'[0] —= 0. By this only onefree choosablénitial value problemremains,e.g. p[0] - 1. Deviationsfrom
p'[0] - 0 mustleadto singularitiesin p[h].

This property p'[0] = O resultsfrom the fact, that a radial symmetryhas beesassumedor the star,andthat in the
symmetry center the resulting gravity force is zero, i.e. no further pressureincrease.Thereforethe trip into the
singularitiesfor p'[0] # 0 canbe omitted.

= 1.3.3.6. Numerical Solutionsand Figures p[h] overh

The numerical solution of this differential equationsuccessesvell, if both initial value problemsstart at the same
positionh = O:

SolvgPressureEquatiop, 1], p''[h]] /. {Rule » Equal} // Flatten // Simplify
Curve[RightHandSide, 1] = NDSolvq

%1 M 1 1,R-1T-1 ! =1, p ! ==0 h], th ! 5t1;
{ 0[[ ]}/{ = Ly-=>14 =1, - }1 p[m] =L0p [m] - }1 p[ ]1{ ’ m)a }]1
Figure[RightHandSide, 1] = Plot @@

1
{Evaluate] p[h] /. Curve[RightHandSide, 1], {h, To00" 5}, PlotStyle -» Hue[0]};

4M2rzyplh?  2pfthl  pIh?

{p’[h] == -

RET? h p[h]}

1

0.8}

0.6

0.4

0.2+
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SolvgPressureEquatiop, 1], p''[h]] /. {Rule » Equal} // Flatten // Simplify
Curve[LeftHandSide, 1] =

1 . 1
NDSolv{%[1] /. {M » 1,y > 1, R-> 1, T - 1}, p[- m)] ==1 p'[- m)] == 0},

1
h 3 hl '} _5 1
PIn] { 1000 }]
Figure[LeftHandSide, 1] = Plot @@ {Evaluate[ plh] /. Curve[LeftHandSide, 1]],

h ! 51, PlotStyl Hue[O]{;
{,—m,—}, otStyle » Hue[0]};

(B == - 4M?zyplhl>  2pthl - prhi?

R2T2 h prh] }

The superpositiorof bothcurvesis very convincing:

Figure[1] = Show[Figure[LeftHandSide, 1], Figure[RightHandSide, 1], AxesLabel- {"h", " p[h]"}];
plh]

For anothemparametechoiceasimilarfigure is found:
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SolvgPressureEquatiop, 1], p''[h]] /. {Rule » Equal} // Flatten // Simplify
Curve[RightHandSide, 2] = NDSolvq

1 1 1
%[1] /. {M - 1, 1L,LR->1T-10}, pl —|==1, p'|——|==04, plhl, {h, ——, 50}|;
{0[[]]/{ ohre ~ - 10 p[ 1000] p[1OOO] } fl ]{ 1000 }]

Figure[RightHandSide, 2] = Plot @@ {Evaluate[ pLh] /. Curve[RightHandSide, 2]],

1
{h, ——., 50}, PlotStyle - Hue[0]};
1000

(0[] == - 4M2myplhl®  2pthl  plhl®

RET? h p[h]}

1

0.8+

0.6}

0.4

0.2}

50
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SolvgPressureEquatiop, 1], p''[h]] /. {Rule » Equal} // Flatten // Simplify
Curve[LeftHandSide, 2] =

1 . 1
NDSolvg{%[1] /. {M - 1,y » 1, R-> 1, T - 10}, p[- m)] ==1p'[- m)] == 0},

1
hl, th, = ——, =501 {;
PIn] { 1000 }]
Figure[LeftHandSide, 2] = Plot @@ {Evaluate[ plh] /. Curve[LeftHandSide, 2]],

h ! 50}, PlotStyl Hue[O0]};
{,—m,— }, PlotStyle » Hue[O]};

(B == - 4M?zyplhl>  2pthl - prhi?

R2T2 h prh] }

-50 -40 -30 -20 -10

The superpositiorof both of thesecurvesalsois very convincingandthoroughlysimilar:

Figure[2] = Show[Figure[LeftHandSide, 2], Figure[RightHandSide, 2], AxesLabel- {"h", " p[h]"}];
plh]

-40 -20

The similarity of thefigurescanbe verified:
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ShowFigure[1], Figure[2]];

pth]

_15 -10 -5 5 10 15

By this the fundamentakhapeof the pressurelistriution of a staris describedjf the sameconsistsof one gasonly at
only onetemperature.

At the borderto the vacuumconcerningemperaturéransporta total reflexion takesplace,thusalsosmall gasamounts
at low temperaturecan consistthoroughly stablein spaceas a "gas drop”. A critical value, since which a star can
consist,hasnot beenfound.

A gascloudin spacdoosedts temperaturdy radiationonly.

The asymptoticep[+ o] — 0 affirm thata gasin principlefills thewholespacehatis available.

m 1.3.3.7. ErreaneousSimplification

The following analyticalsimplificationof the equatiorhasbeentried:

#
——— & /@ PressureEquatior p, 1] // ExpandAll
h prh]

PressureEquatiop, 2] = % /. {p - Function @@ {{h}, e/"}} // ExpandAll

2pih _ pth®  p'thl ___ 4M2zy pih)
hplhl  ph?2  plhl R2T?
2f(h 4EfIN M2 7y

+ f [h] == —T

This is anon-lineardifferentialequationof 2nd orderin f [h] thatcannotbe solvedeasily.

However this equatiorntypeleadsto a solutionthatcouldbe f [h] — Log[ p[h]], e.g.:

. . Cl1] o
PressureEquatiop, 2] /. {f - Function|{h}, Log[hZ—C[Z]”} // ExpandAll // Simplify
+

_2(h2+3C[2]) _ 4M? 7y C[1]

(2 + C[2])2 T R2TZ2 (hZ2 + C[2])
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= 1.3.3.8. Differential Equation of the Reciprocal Function

The differential equationof thereciprocalfunctionseemso beeasier:

1
PressureEquatio p, 1] /. {p = Function|{h}, ﬁ]} // ExpandAll
g

. #gIh1®
PressureEquatiofp, 3] =

& /@ % [/ ExpandAll

_2gth hgth? hg’thl __ 4hM2my
glh?  gih®  gh?  ReT2glh)?

2g'thl g, AM2
B R
grhl RT

Hereatrial by a polynomialis motivated:

PressureEquatiori p, 3] /. {g = Function[{h}, ah?]}

Solvd%, a] // Flatten

PressureSolutiofip, 3, 1] = {g » Function @@ {{h}, ah? /. %}}
PressureEquatiodp, 3] /. %

4M?%ny
—2a==- RZT2
2M?2
fa =)
R2 T2
2h®M? 7y

{g - Functiori{h}, W]}
True

This functionownsa horizontaltangenty'[0] — O.

By thisfollows for the pressure:

1
PressureSolutiofip, 1, 1] = {p - Function @@ {h}, ﬁ /. PressureSolutiop, 3, 11}}
g

PressureEquationfp, 1] /. %

: R2T?
{p - FUnCUOf[{h}, m]}
True

Thus a hydrostatic stable state with p[0] - 0 and p'[0] = o exists.In the immediateneighborhoocbf this double
singularityeverythingis regular.

m 1.3.3.9. Interpretation Problems

Fortherepresentativesf theBig Bangnow is problematicthata hydrostaticstabilestatehasbeencalculated.
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Now for an anyhowcompressibleggasresults,thatthe samein the centeris compressediueto the ideal gaslaw to an
infinitly high pressureOf course this resultquestioneshe limits of theideal gaslaw andgivesthe hint, thatatleastthe
Van derWaalsequationis neededo beprecise.

Howeverthefollowing dependencyf thefall acceleratiorg[h] is found:

vadrx h M plh]
aiht ==~ 2= [ pininean . {pihi - i
h2 Jo T

% /. PressureSolutiofip, 1, 1]

}

4M ry ['h? pihldh
- h2RT

(] == 2RT
g ==-1m

This resulttells, that a Black Hole existsespeciallydueto the ideal gaslaw anddoesnot suckanythinginto itself that
hascometoo near,because hydrostaticstabilestatehasbeencalculated.

The massof suchaBlackHoleyields:

M pLh]

)

h
mm]==4n1~pmuﬁdhﬁ{pm]a
0
% /. PressureSolutiofip, 1, 1]
4M = "2 pih] dh
RT

2hRT
My

m(h] ==

This meansthatfor h —» 0 alsotheconcerningnassm[h] disappearedecausaothingalsoweighsnothing.

Indeed, here the problemis an invalid use of the ideal gaslaw: Each gas consistsof as incompressibleassumed
particles,of which thetotal volumecannoftfall shortof by compression.

Thereforethetheoryof the Big Bangandthe Black Holescannotbe verified by the heregivencalculation.

m 1.3.3.10. Van der Waals Law

The van der Waalslaw is ([dtv1969], volume 10, keyword Zustandsgleichunged) van-der-Waalsch&. [condition
equationsd) vander Waalsconditionequation] pagel98-199):
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a m
(p_,_ w)(V_b) ==nRT/ {n> V}/ {m-pVj}

Solvg%, p] // Flatten
% //. UnitCheck

a
(p+ W)(—b-l—v) ==

M (-b+V)(@+ pV?
RT V3 )

{p-
{Truel

Here,the volumeof a spherds givenstrictly geometridoy

h
SphereVolumgh] = {V - 47rf h®dh})
0

4h3 g
{v-

}

Thusp[h] canbegivenalsodueto thevanderWaallaw asafunctionof h and p[h]:

. M (-b+V)(a+ p[h1V?)
VanDerWaalsDensitfh] = {p[h] -

} /. SphereVolumgh]

RT V3
% //. UnitCheck
(o 27M (~b+ 4% a4 18 pb 52 p[h])}
p 640 3 RT
{Trug

By thisfollows in the nextstepthefall accelerationg[h] andthe correspondingntegrodifferentialequationof p[h]:

y4mx N
{g[h] g - f plh] hzclh}
h 0

% /. VanDerWaalsDensityfh]
PressureEquatio p, 4] = p'[h] == g[h] p[h] /. % /. VanDerWaalsDensityh]

h
47y [ h? p[hldh
{g[h] - fO h2 }

h 4h3x 16
-b = h®x% plh
27M yf Cor )@ g M ph
0

{oth - - 162 22RT )

h 40 16
729M2 (<b+ &;”)y(f (e 5) @ 3 1 pinl dh) (a-+ 18 1B 22 prh])
0

1024h11 75 R2 T2

pl[h] == —

After isolatingof theintegrala derivativecanbeapplied:
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#h!
(a+ 2 ho a2 pfh]) (-b + 22%)
On# & J@ % // Simplify

& /@ PressureEquatiorip, 4]

#
PressureEquationp, 51 = ((3b-4h®x)’ (9a+16h° 22 plh)’) & /@ % // ExpandAl

7h10

D APy (0 16 16 2
729M2yf (Cor )@ g ph
0

h* p'rh] _

(—b+ 42}3” ) (a+ % hé 72 p[h]) - 102475 R2 T2

(27h™°((-297ab+ 288ah’x + 16h° 2 (-15b+8h° ) p[h]) p'[h] +
16h7 7% (3b—4h®m p'[h]* + h(-3b+4h®x) (9a+16h°2? p[h)) p’[hl)) /

a2 6 2 42 2TM2(3b-4h®m)y(9a+16h°z* plh))
((3b-4h*m” (9a+ 16h° 22 plh])*) == 102417 5 R T2

—297ab p’[h] + 288ah® x p'[h] — 240bh® #2 ph] p'[h] + 128h° % p[h] p’[h] + 48bh’ 72 p'[h]? —
64h'%73 p'[h]? — 27abh p’[h] + 36ah* 7 p’[h] — 48bh’ z2 p[h] p”[h] + 64h'°73 p[h] p’[h] ==
19683a°b* M2y  19683a°b?M?y  6561abM?2y  729a°M?y  243aM?2y p[h]

1024n7TBRT?  256hAARET2 | 64N RT?  16MmRTZ  RRT?
6561a°b*M?y plh]  6561a*b® M?y plh] .\ 21872’ bM?y plhl  729ab’M?y p[h]?
64hl1x3 R2 T2 16h8 2 R2 T2 A5 R2 T2 h2 R2 T2
729ab3M2y plh]*> 972abhM2xy plh]*> 432ah*M272y plh]? 108b*hM2xy plh}®
amrReT2 RET? B RET? " RETZ B
43202 h*M2 72y plh?  576bh" M273y plh1®  256h° M2 7%y plh]®
R2 T2 + R2 T2 - R2 T2

This is the real equation the solutionof which estimateghe actualpressurealistributionin a starbetterthanthe theory
of theBig Bangor of theBlackHoles

Fora — 0 thedifferentialequations simplified:

PressureEquation p, 6] =

2160 & /@ PressureEquatiorip, 5] /. {a » 0} // Simplify
r
M2@3b-4h3m)’y plh®

h@Bb-4h3x) p'[h1? + plh] (-15b+ 83 7) p'[h] + h(-3b+ 4h®x) p’[h]) == A AR T2

This equationdescribes gasclearlyabovethe critical point, i.e. athigh enoughtemperature.

Also this equatioris of low enjoyabilityandleavesyet newgroundfor enoughresearctgenerations.

m 1.3.4. Discussion

The presentectalculationshows,that gasvoluminaof any scalealltogethercan exist stablein spaceand nevertheless
alwaysloosesomegasto anemptyspace.

The herediscusseaonsiderationsirevalid for a constantemperaturd , wherea coolinginto spacemainly happendy
radiation,becausattheborderingline to thevacuumatotal reflexion of temperaturéransportakesplace.
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Neitherthe ideaof a Big Bang nor the ideaof Black Holesthat suckeverythinginto themselvesgreeto hereevenfor
theidealgaslaw foundsolutionof a stablepressurelistributionin a star,or in agascloudrespectively.

Thereis gainto calculatea checkto a singularresultandto usethefull interpretatiorscope.

m 1.4. Protocol
The Mathematica versionwas:

{$Version, $ReleaseNumber$LicenselD}
{MicrosoftWindows3.0(Octobers, 1996, 0, L4526-3546

The calculationtime was:

TimeUsed ]"s'

52.26s
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